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GCSE Maths — Geometry and Measures

Geometric Arguments and Proof (Higher)
Worksheet

WORKED SOLUTIONS

This worksheet will show you how to work out different types of geometric
arguments and proof questions. Each section contains a worked example, a
question with hints and then questions for you to work through on your own.

This work by PMT Education is licensed under CC BY-NC-ND 4.0
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Section A

Worked Example

In triangle ABC, AB = a and AC = b.M and N are the midpoints of AB and AC
respectively. Prove that MN is not parallel to AB.

Step 1: Find AM and CN in terms of a and b.
CB= —AB+AC=—-a+b

M is halfway along AB so:

— 1

1 —_—
AM =§(AB) =5a

N is halfway along CE so:

— 1

— 1
CN =E(CB) =5b

Step 2: Use these vectors to find the vector MN.

s s — 1 1 1 3
MN=MA+AC+CN=—AM+AC+CN=—(Ea)+b+§b=—§a+5b

Step 3: Show that MN is not a multiple of AC and conclude what this means.

(—1a+§b) + b # a constant
2 2

We have shown that MN is not a constant multiple of AC and therefore MN and AC are not
parallel.

y,
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Guided Example
ABCD is a parallelogram, and BC = CE.
CE = 3a and DC = 2b.
Prove that AC and DE are parallel lines.
2a
B N C 3a r
r Cd
2l
2b
>
3q
Step 1: Find the vectors AC and AD in terms of a and b.
— — —> — — —
AC = AR + BC AD = AC + oD
b ot 3a - (3a+ 2b) + (- bC)
—
AC = 30l‘|'lb ' -:(aa_ra‘la)_lb
-
AD T e
Step 2: Use these to find the vector DE.
— - —
be = oc + CE
= L + 3a
—
DE = 3a442b
Step 3: Show that AC is a multiple of DE and conclude what this means.
— - —
AcC = a4 2b AC is ctvMM to DE which means "r\tlj thave
6_{? = Ja+tb a Common muliple of (- Thic proves Hhat
—) — )
N S AC and DE ave parallel lines.
AC = DE
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.
1. Two triangles AMB and DMC are congruent. M is the midpoint of BC and DA. MA =
3a and MC = 3b. Prove that AB and CD are parallel.
— — - =
AB = AA:+MB Mgfcmbemum_g
—> /’ is the miolpainf of B> — —
= -3a+ MB AD Tju’uml*o D - This
= -3a 4 (-30) means tha ¢ ”‘“ﬂ thave a Commom
= -%a-3) mulhple of | . T,y proves that
— -2
— .
o - M+ Ab __a AL and (D are parmlied
2 M_B = AM Lecaunee M
= T3kt D 7 the midpont of AD
= -3by (-30)
= -3b-2a
T o-3a-3b
- /
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2. ABCD is a parallelogram.
AB = 8a and BC = 3b.
CE is an extension of BC such that BC = CE.
M splits AC such that AM : MC = 3 : 1 and N splits DE such that DN : NE = 3 : 1.
Prove that AD and MN are parallel.
B 3b Cc }'o E
M N
A
& -- ol
7b
D - Br becwuse i i el
AD = B anse s a pamlledo m - —
_s f 7 MmN = 3
ku’r AD = 3!9 —
Ab = 3),
— - — —
To find g, we need vedore of MO, CE and EN . —
- s This means MN:A?D-
MN = MC + (g + EN
We have proven that
= L (AC)+ b+ ) (D) —
n 4 MN Shares o commen
- L (Astpe) t3b+ L(EC +CB) mulkple of | with vedor
4 4 — ™ "
- This wmeans Hhat
= l(9n+3b)4zb+l(-3|, (-8a)) AD
¢ 4 ! - D
nN s Pa!rmllfyl o AD -
= |
¢ (8a+3b) + 31 4 Zl (-3b-8a)
T xet bt 3b - 3, 29
0 G
-ﬁ
MmN < 3
g
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3. OBDF is a trapezium.
B_C)=a,ﬁ=2bandﬁ=3a.
C is the midpoint of BD and E is the midpoint of OF.

M is the midpoint of CE and N is the midpoint of DF.

a
i) '{_ C - D
rd 7
/ \ |
@ E F
¢ > >
3a 30

, S —
when vectors are i oppasite divechion ,the i thangyes, (eq- 0E = 3a, €0 = - 3a)
a) Find the vector CE in terms of a and b.

— — —
CE = (b + BO 40 E
= (a)t(-ab) + 3a
Foo—0 - 2L + 3n
= da-2}

b) Find the vector DF in terms of a and b.

— e

DF = DB +bo + OF
“(-2a) + (-20) + (6a)
= =20 - 2b ¢ (a
= 4a-2b

c) Prove that MN is parallel to OF.

—2 —3
MN = L
— — — - +D_" 32 (0 )
OF = 2a+4 3a MN = mC + OD N
= ba = I_E:E +a + E’: We hawe proven that
‘ * Mn i L of the vector
MN = —(20-2b) | 4 4 4a-2 2
2 2 OF - This proves Hhat
- —
T -Atbyaraa-p MmN s paralied Yo OF .
= a

y,
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Section B

Worked Example

The shape ABCD is a parallelogram. AB is represented by the vector a and AD is
represented by the vector b. M is the midpoint of BCandNis a point on AC such that
AN : NC = 2 : 1. Prove that the points B, N and M lie on a straight line.

Step 1: Find simplified expressions for the vectors AN, AM, BN and BM. To prove that B, N and M

are on a straight line, you must show through a series of logical steps that their vectors are
multiples of each other.

AB = DC and AD = BC because the shape is a parallelogram.
Therefore, DC = aand BC = b.

N is § of the way along R, SO:

ngAC
AC=a+b
AN—Z( +b) = +=b
=3 =3%73
M is halfway along DC so:
— 1
DM =—-a

BN = —AB + AN = +2 +2b— ! +2b
= T TarTzaT3zhE 34Ty

BM= —AB+AD+DM = —a+b+sa=--a+bh

Step 2: To prove that the points lie on a straight line, show that BM is a multiple of BN.

3, 3(1 2

Step 3: Conclude your proof.

Since BM = SW BM and BN are parallel. They also share a common point B so the points
B, N and M lie on a straight line.

y,
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Guided Example

ABCD is a parallelogram.

AB = 6b and AE = 6a

CE is an extension of the line AC such that AC: CE =1: 2.
The point X splits the line CD such that CX : XD =2 : 1.
Prove that the points B, X and E lie on a straight line.

B D

/

A G E
& > o
ba
Step 1: Deduce CD and BD in terms of a and b.
-ﬁ
C0 is equal +o A? since it is a Pamlluogrmm~ BD = AC
= |
_(':_I;' - (0[0 — xba
BS = 24
Step 2: Use the ratios given to find DX and CE in terms of a and b.
— —> —>
Dx = !x pC CE = 2 ya¢
3 3
= Ly (-6 =2y ¢a
3 3
E)c = -2b Ce = 4a
Step 3: Combine these vectors to find BX and XE (or BE) in terms of a and b.
-2 _ —> —> — — — —
BE = BA + AE Bx = BD +px E=YC +cE
= ~ b+ {a = da+ (-2b) = =4b + 4a

24 -2b

Step 4: Write a conclusion, showing that the vectors are multiples of each other and stating the
common point. Explain what this means about the points.

— = : - . -
XE = 2BX .%ince XE & o muthple of B ,Hic means Hhat the lines are
paraltel ey also shave a common pont X, hence,the points €, B and ¥ lies on

n straight line -

y,
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.

—A+b

4. ABCDEF is a regular hexagon with
centre O.

OE=aandOD = b

The point X lies on an extension of
ED, such that EX : DX = 2 : 1.
EX= —2a+2b

G is the midpoint of CD.

—a+th
a) Draw the vector AO and label it in terms of a and b.
e
AD =b — oy the midpoint bedween AD - o, o - PTB
b) Label all 6 sides of the hexagon in terms of a and b.
c) Find the vector DG in terms of a and b.
Dis fhe wudpmnjr of DC . bG = :l{ (-a)
— —
b6 = ! (be) _ _a
.l = —_—
d) Find the vector DX in terms of a and b
— —
Ex = -2a+2b Dx= —a+b
_?
Dx = ! EX
2
= 1 (-2a¢ )J:)
2
e) Hence, prove that O, G and X lie on a straight line. 0_22 -2 O—c), _ 2(,)(
— BEN — - - — - —> .
06> 0p+b(, GX= Gp+DX OX= 0D tDX The hoes 0X 06 and 6 x
Lo - 9_+("”“”") = b+ (-a+b) are parmlied as they ave
2 > = 2b-a multiple of each other.
= -%4b They also share o1 Common
> point 6, hence, 0, X and
G Nes on a Hm«‘am line - y

~
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5. The triangle AOC lies on a straight line OB.
0C = 5aand OA = 3b
D is the point such that OD : DC = 4 : 1
M is the midpoint of AC
B is the point such that OA : AB = 3: 1
Show that D, M and B lie on the same straight line.
C
D
M 5a
.B ¢ ‘.-A ¢ 0] .
lo 3b "
MA = (M
7 - = — - —
bm = DC + cm MB = MmA + A
— —> =
= 14 0C + CA _":ﬂJc_?‘_L—'rl(oA)
S _ 2 2 3
5 = -5 3 ' (3b)
- b
-3 o ~ntZ -
= Lxol + (Coton) 2 2 3
>
-_—:/— = -fa + 3L+ b
l 2 2
= 2xba + (—%Sa+ 3p) -
S . S Za+ /L
2 2
DB - 00 + ob
= — = D +
2 ot EX 0t ob
z 2 = b x(-5a) 13bth
= - 2q +ffo T —4atyl
2
— —
[)ﬁ= \3 I;;\)ﬂ = ,8_/;1—; Asiﬁ,DM and ML
’ - th
are malfiple of each other, this proves at
they are parallel They also shove o common
point, M whid means point D, M and B lie
o the Jame shoight line -
- g
@IS
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6. ABCD is a parallelogram.

DA = 12a + 20b and DC = 8a + 4b.
X lies on the line AB such that AX : XB = 1 :

M is the midpoint of DB
CE is an extension of BC
Y lies on the line CE such that CY = —%ﬁ.

Prove that X, M and Y are collinear.

12a + 20b

D
- >
= XB 4+ Bm
< 2 (M)t 2o
4 2
> 3 (gt 4y + (BE+CB)
N 2
- %(%ﬂi"ﬂa) + (- 120 - 20} ~(8a +4b))
2

= 2 (gatth) + ( -20a —2¢)

2
= batsb-joa-02b

= ~fa_q)

—7 ) — —
XY= 2XM =3 my . Ac XY ,xM and MY are

3

—> e | -
Mo+ gy
— — -2
= mp + ot CY

= (1oa+ (2b) +(-120-20L)
- Y% (a+20b)

= loaglab “12a-20L - (a - 10b
-%a %3 b

"

XY- Kby
= bat 3l +(-12a-20b) - ba-tob
T bat3b-12a-20b-f(a - lob
= o~ -1,

mulbiple of ench other,

yu
this proves that Jhey are paalted: They aleo chare a common pont M - Henee,

X.M and Y are Collinenr-
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